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The unsteady viscous incompressible Navier-Stokes flow in a driven cavity is studied with
particular attention to the formation and evolution of vortices and eddies. These are com-
pared in the limit to previous steady flow simulations. Results include new details of the
dynamics of secondary eddy separation and subsequent coalescence into subprimary vortices,
and the fine structure of deep cavity flow. Enhanced flow topography is obtained by means of
pressure and kinetic encrgy portraits.  © 1986 Academic Press, Inc.

1. INTRODUCTION

Flow in a rectangular cavity with the motion driven by the uniform translation of
the top lid occupies a position of considerable theoretical significance within the
larger class of separated flows. Below in Table I may be found a brief summary of
some of the important representative studies. There are many others, most of which
may be found from the references of the studies cited in Table L.

Early numerical simulations of two-dimensional Navier-Stokes flows within a
cavity tended to focus on the ambulatory nature, with respect to Reynolds num-
bers, of the primary vortex in a steady flow. In particular, in an early paper
Kawaguti [13] experimented for a small range (Re < 64) of Reynolds numbers in
cavities both deep and shallow. His observations included the downstream drift
w.r.t._Reynolds number of the primary vortex center, in addition to the formation of
corner eddies in the decep cavities. By 1966 Burggraf [S] had shown that the
numerical integration of the steady Navier—Stokes equations for a square cavity
yielded a large primary vortex near the center of the cavity, along with two secon-
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TABLE 1

Representative Cavity Flow Studies

Study Flow Formulation, Method
Kawaguti [13] Steady, Stream function, vorticity;
(1961) linear Finite difference method
Moffatt [14] Steady, Stream function, theoretical;
(1964) linear Similarity solutions
Burggraf [5] Steady, Stream function, vorticity;
(1966) linear Relaxation
Pan and Acrivos [5] Steady, Stream function, experimental;
(1967) linear Relaxation, localization
Bozeman and Dalton [4] Steady, Stream function, vorticity;
(1973) nonlinear Implicit finite differences
Benjamin and Denny [3] Steady, Stream function, vorticity;
(1979) nonlinear False transients
Gatski, Grosch, and Rose [6] Unsteady, Velocity, voticity;
(1982) nonlinear Compact finite differences
Ghia, Ghia, and Shin [7] Steady, Stream function, vorticity;
(1982) nonlinear Multigrid, fine mesh
Schreiber and Keller [17, 18] Steady, Stream function, vorticity;
(1983) nonlinear Newton, continuation
Agarwal [1] Steady, Stream function, vorticity;
(1984) nonlinear Third order, upwind differencing

dary eddies near the bottom corners. This was shown for a range of Re between 0
and 400. Subsequent works of Benjamin and Denny [3], Ghia, Ghia, and Shin
[7], Schreiber and Keller [17, 18], and Agarwal [1] revealed tertiary corner
eddies for large Reynolds numbers.

Pan and Acrivos [15] produced experimental results for a range of rectangular
sites. More recent visualizations of the cavity problem (Taneda [19], see also Van
Dyke [21]) exhibited separating stream lines for a range of geometric con-
figurations. The existence of a sequence of eddies of decreasing relative strengths
was shown to occur near sharp corners, corresponding to the theoretical
investigations of Moffat [14] on Stokes flows. For a recent survey of corner eddy
theory for steady Stokes flow, including the effect of mass injection, see Jeffrey and
Sherwood [12]. See also Gustafson and Leben [11] for a comparative multigrid
study of finer corner eddies of steady flow.

As may be noted from Table I and the above discussion, the preponderance of
studies to date have dealt with the steady formulation of the problem, and most
used the stream function, vorticity variables. Our first goal was to implement a
study of the full unsteady problem in the primitive variables pressure and velocity
with emphasis on the dynamic development of corner vortices especially as depen-
dent on Reynolds number and cavity aspect ratio. A second goal was to time march
the full unsteady equations to a “steady state” in cavities of various depths and for
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different Reynolds numbers for comparison to the previous steady flow calculations.
A third goal was to examine the interaction between Reynolds number and non-
linearlity. Overall, we wished to generate extensive new portraits of the evolving
vortex dynamics. In all of the figures presented in this paper, the velocity and
pressure gradients were normalized by dividing by their magnitudes, to emphasize
the qualitative development.

2. NUMERICAL FORMULATION AND Basic RESULTS

The recent appearance of the excellent treatments by Peyret and Taylor [16], see
also Thomasset [20], especially for finite elément methods, provides adequate
detailed discussions of the cavity flow problem. See also the papers referenced in
Table 1.

2.1. Some Preliminary Clarifications

We will always consider a two-dimensional cavity with lid under uniform trans-
lation to the left as shown in Fig. 1. Results typical of our flow portraits, to the
elaborated upon in this paper, are shown in Fig, 2.

There are several variations on this basic problem which should now be men-
tioned. First, some studies move the lid to the right. Second, some studies have
smoothed the singularities at the lid corners, e.g, as is done in Peyret and Taylor
[16]. This appears to have negligible effect on the internal and lower qualitative
features of separation and eddy formation. Third, there is the driving of the cavity
by a continuous fluid rather than lid travelling over the top of the cavity. Although
this causes a slight downward pressure on the streamlines near the top of the cavity,
e.g., sec Azmy and Dorning [2], so long as the fluid densities are not different it
appears to produce no dramatically different effects either in the simulation or in
physical experiments (Taneda [19]; see also Van Dyke [21]).

2.2. Primitive Variable Scheme

The viscous incompressible Navier—Stokes equations

V,—LAV +(V-VYV=-Vp (2.1)
Re
V:-V=0 (2.2)

in the cavity were discretized on a uniform grid using a MAC (marker and cell)
scheme. The initial condition of the cavity problem is characterized by an
everywhere zero velocity field, except for the top layer which is moving to the left at
unit velocity.
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ViLi+l

1] < Ui+, )

Fic. 3. Computational cell and variable loci assignments.

The two-dimensional version of Eqs. (2.1) and (2.2) expressed in conservative
form in terms of the individual components is given by

1§
ut+(u2)x+(uu)y= -_px+ﬁ(uxx+uyy) (23)
R 1
v+ (u), + (v°), = —py+Fe (Ve +0,,) (24)
u,+v,=0. (2.5)

In the MAC discretization scheme we construct N computational cells in the x-
direction and M computational cells in the y-direction. The pressure value p, ; for
the i — jth cell is kept at the center of that cell. The midpoints of the left and right
vertical boundaries of each cell are used for the x-directional velocity component u,
while the midpoints of the horizontal boundaries are used as sites for the y-direc-
tional velocity component v. In this way we obtain an (N+1)x M array of u
values, an (M + 1) x N array of v values, and an N x M array of pressure values p.
The assignment of these loci is shown in Fig. 3. For the sake of simplicity, let
FU},,;and FV7,, , represent the finite differencing of the combined advection and
viscous terms —(u?),— (uv),+ (1/Re)(u,,+u,,) and —(uv),—(v?),+ (1/Re)
(vex +v,,), respectively, at the nth time step. Then in the MAC scheme we have

_ [u;;+u;, 1,1)]2 — (3w + ui+2,j)]2

FU:’+ 1,j 5x
4 w0400 )— 3, Lt Ui e D)0 1+ 00 540)
oy
+i (ui+2,j+ui,j—2ui+l,j)+(ui+l,j+l+ui+1,j—l_2ui+1,j) (2.6)
Re ox? 5y? :
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_ %(“i,j‘l’ Ui N0 1t V401) — %(ui+l,j+ Uip v ) Wije1 T 01, 1)

Fre

Lj+1 5X
n [3(v,, + Ui,j+1)]2 - [%(vi.j+l + Ui,j+2)]2
dy
+é |:(vi+l,j+1 + vi(;):,2j+l— 20,;,1) n (042t ';i;z““ 2Ui,j+l):|, 2.7)

where dx and Jy denote the dimensions of the cell. It is to be understood that all
velocity values correspond to time ¢ = nAt.
The full finite difference form of Eqgs. (2.3) and (2.4) becomes

n+1 n+1 n+1

ui+1,j—u7+l,j___FUn Pij —Piri 2
At et Sx (28)
and
prtl —pn p’.‘fl—p’.’.’fl
ij+1 Ll _ pym Fij  FPij+1
ey, 4P 29)

while the compressibility condition, Eq. (2.5), has for its discrete version

Uipr ;= U Vijor1— Ui,
a— 5 =0. (2.10)

The latter necessitates the introduction of fictitious computation cells. The
velocity values at the fictitious nodes must be assigned not only to enforce the non-
slip boundary condition but also must supply a compatible boundary condition for
the pressure equation. To approximate the no-slip condition at the walls of the
cavity, we require that the velocity values at the fictious nodes just outside the walls
be of same magnitude, but of opposite sign, as their corresponding virtual images
inside the boundary walls. The impermeable condition of the flow needs no
recourse to the fictitious points outside the cavity, since, by nature of the mesh
system employed, this condition is met as a boundary constraint.

The fact that on the MAC grid one has L = DG, where L, D, G are the discrete
Laplacian, divergence, and gradient, is important and allows us the use of fast
direct Poisson solvers to calculate efficiently at each time step the adjusting pressure
field. Our choice of a solver came from the NCAR FISHPACK Library. The use of
iterative methods for many time steps (e.g, 0(10*)) Poisson inversions would be
prohibitive. The forward Euler marching scheme was chosen for its simplicity of
formulation and execution. In advancing the pressure, we chose not to skip any
time steps although in retrospect our studies indicate that this practice does not
seem to significantly affect the dynamic evolution of the flow and therefore could be
recommended when computing resources are limited. We also implemented an
implicit method (built upon the trapezoid rule) which yielded very similar results.
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The implicit scheme displayed no advantages over the forward Euler scheme, Its
capability to allow for a larger time step was opposed by the necessity of inverting
two Poisson equations.

Criteria in choosing the time step increment 47 were taken, in part, from the
standard constraints for models of diffusion-transport systems, and were augmented
by empirical data. For example, the diffusion condition that, for the case in which
5, = 46y, the ratio 46t/Re 5x* not exceed some critical value K(Re) < 1 necessitates
experimental knowledge about the Reynolds number in question in order to gain a
priori approximations to K(Re). This knowledge was usually gained by running the
flows on coarse grids.

2.3. Incompressibility

2.3.1. Pressure Boundary Conditions

As indicated above, condition (2.2) is applied to (2.1) to yield the continuous
pressure equations

—Ap=V-[(V-V) V]. (2.11)

In discretized form the forward Euler marching scheme of the MAC method first
advances in time the advection-diffusion component of the flow

Py ALV, (2.12)

where F(V™") denotes — (V" G) V" + (1/Re) L(V"), and V" is the velocity vector at
time step n. The pressure field is then readjusted according to

DG(p"+ )= (A1)~ D(V"+1, (2.13)

ensuring conservation of matter at the next time step, i.e., D(}V"*')=0.

In Fig. 4 we assume zero divergence for the cell inside the cavity, and require that
the divergence of the adjacent, outside cell also vanish. The third fictitious velocity
value /', heretofore undefined, may then be determined. In general, its value will be
that of its virtual image u inside the cavity wall. Then application of the momentum
equation (2.8) at the wall yields the Neumann boundary data for the pressure p’ =

Vl -vl
u .p u=g  .p’ u’
Vo 'V2

FiG. 4. Assignment of velocity and pressure values at fictitious nodes of right boundary wall.
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p+ (2u)/(0xRe). Similar results are obtained for the remaining possible con-
figurations.

2.3.2. Velocity Boundary Conditions and Helmholtz Decomposition

As concerns the effect of the velocity boundary condition on incompressibility,
and somewhat related to the discussion of boundary conditions in Gatski ez al. [6],
we would like to make here a general observation (see Gustafson and Halasi [10]).

Consider the Helmholtz decomposition of the intermediate velocity field 7"+, as
defined in Eq. (2.12), according to

Vn+1 Vn+l_+_Vn+1+Vn+1 (214)

where 77+ and 73*! are the curl-frec and divergence-free components of 7"+,
respectively. The third component P2+' is both curl-free and divergence-free. To
obtain the desired incompressible flow vector V"*! a conservative force field, such
as pressure gradient, is introduced. Thus V" *+!=P"*+' —V(p"*') 4¢, and the vor-
ticity is left unaffected. The three velocity fields defined by W7+! = Pm+!1_ pr+1,
Watl=pr+t _pr+t_ el and V+i= P+ _V(p"* ") At all have the same
vorticity, and all are divergence-free.

This apparent dilemma of nonuniqueness is resolved by first considering the
irrotational components of flow. Being curl-free, the component ¥7+! is therefore
expressible as the gradient of some scalar field S, 77+! = VS, from which we obtain

V2§ =V (7+ 1y = AN?p.

The Newmann boundary condition for S is
oS

A 7 1
on =n-Vi*a.

(2]

For general domains it is not clear what the values n+ 77+, i=1, 2, 3, should be at
the boundary. However, by assuming impermeability at the boundary for the
divergence-free components, V3*! and V;*! only, we get

0 - -
; =nVitsg=n V"
neq
=n-F(V)"s0
_n P
T On|ag

Thus S= pdt, and so W?+!=}"*1 Also, from the above assumptions on imper-
meability at the boundary, we see that

yrtl=0,

and so Wt l=Wrrl=pntl
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This analysis demonstrates that in order to resolve the uniqueness question for
an incompressible flow simulation it is sufficient to impose an impermeability con-
straint of the boundary on the divergence-free components only.

2.3.3. Effect of Inexact Incompressibility
Recall that the exact solution to the pressure equation

DG(p"*')=DF(V")

ensured a divergence-free flow at time step n+ 1. A relaxation of this incom-
pressibility condition could be used as a means of reducing the costs of com-
putation. For example, a scheme could be devised in which the pressure equation is
not solved at every time step, but instead is solved at every mth time step, for some
predetermined or variable m. Such schemes have been, in fact, used in certain flow
simulations (see Gresho, Lee, and Sani [8]).

To observe the effects of violating the incompressibility condition, we computed
(see also Gustafson and Halasi [9]) the following perturbed pressure equation

D-G(p*)=D-F(V")+er,

where er(x, y)=a-(x+ y). Of interest was the range of o for which the perturbed
flow still bore a resemblance to the corresponding divergence-free flow. Criteria

TABLE II

Effect of Pressure Equation Perturbation on Driven Cavity Flow at Time =1 Second, Re = 10

er=a(x+y) D(V) Vie KE 4 1V —vr,
«=00 0(10-1) (0.206, 0.018) 130.7 0(—4.0) 0(10-)
o« =004 0(10-4) (0.206, 0.018) 130.6 0(~4.0) 0(10~%)
=040 0(10%) (0.206, 0.018) 130.7 0(—40) 0(10-9)
«=2.00 0(10-?) (0.207, 0.017) 130.8 0(—5.0) 0(1079)
a=4.00 0(10-?) (0.208, 0.016) 131.1 0(—6.0) 0(10-9)
TABLE III

Effect of Pressure Equation Perturbation on Driven Cavity Flow at Time r= 20 Seconds, Re =400

er=alx+ y) D(V) Vi KE p v*—v"+i .,
a=00 o(10~1) 0.104, 0.073) 144.3 0(—4.0) 0(10-%)
o =0.04 0(10-?) (0.105, 0.072) 144.3 0(—4.0) 0(10~%
o =0.40 0(10-2) (0.114, 0.053) 144.6 0(—40) 0(10-4)
«=0.80 0(10-Y) (0.124, —0.041) 144.7 0(—40) 0(10-%)

a=2.0 0(10-1) (0.160, —0.007) 142.6 0(-5.0) 01074
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used in ascertaining flow resemblance included the geometry of the flow itself along
with the geometries of the pressure gradient and kinetic energy distributions. Quan-
titative features, such as total kinetic energy and locations of eddy centers, were
also measured and compared. Flows of Reynolds numbers 10 and 400 were pertur-
bed in this manner. In all cases, the region of flow was the unit cavity upon which
was superimposed a uniform mesh of cell length 1/40. In Tables II and III we
exhibit some effects of these pressure equation perturbations.
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Kinetic energy contours, labels scaled by 10,000. (c) Normalized pressure gradient. (d) Normalized
kinetic energy gradient.

In Tables II and IIT above, ¥, indicates velocity at the geometric center of the
cavity, KE is the kinetic energy of the entire flow, and p and D(V) are roughly
global values of pressure and divergence, respectively. Finally, | V" — V"*!|| _ is an
indication of the convergence rate at the time step »n corresponding to the time at
which the effects are recorded. Graphic illustrations of some of these perturbation
flows are found in Figs. 5-8.

In reporting these observed insensitivities re exact incompressibility, we would



290 GUSTAFSON AND HALASI

s \NTT7
pos o
e NN 1]
{ //// PSSRV N S SN N
,,,,.,.._.___,_.h\\\\\\\\\\\\\\
[X/4 U N LS S S B
IRASS ADUAARERNRN NN L L D AR
R ssreenmnnttuNNNNN L SRR S §
S SN L Y
H///’,/M\\\\\\\\\\\\\\ M
LL s SN Y
IR NN R S
bl [RAASNNNR R
LT
CLLVAALAAY (g\\,J//H
PAVAANANNANNNANNSNNDT 22220 00
POV YNNNANNMNNNNNSTT vy r ) b 000
VUVANNARNNNNNNSTT by 2 b 00000
VANAMNNNNNNNNNSSTTT szt L0000
AAAMANNNNNNNSNSSSTTT 2220000
AA NS ANINNNNNS ST 2222000001
SRR aasc s R 2 2 4
[N NN A ALY H
RN \\\\\\\\_\\\,_\_,,_.,,‘/////////, / ‘
[N \\\\\\\\,\\\\.~_.—-——-4/-//////// 277 4 ! §
XU \\\\\\\\\\\ﬁ.,_._a»//////////// /
N \\\\\\\\\-,-..______m//////////////.’
\§§Q§\\\\\\‘\\\\\.._..A-‘,-////////////// 7
7\\ \\\\\\\\:\\\\V.w,,,///;//;;;;; 5
. e e et sl b 2 AP
AN R S A A
RN AN
BN N et AP AL LS LS
NAN NN
AN AN \\\\\\.\\\\s..___.“.»//////////////
A P NS SIS T e 2
AN A NN R S e
\\\\\_ 4 \\ NSRS SRENSNSSSSEA 0 oy
o~ A o
a
1 V.2
PN N I/////////////{\\\\.__,/
AN SN N L 7 e 2 2 LN \ AR
D AN B O A A S A JRBRNRY
AN SN [ 272002007777 D INSSIT Y 1 . /1
N NN i & Y A A AA R Y g IRt by / If
P N N B A N AR AR S N Sl ;///”” ) AN 2R L.
D N N N R B I N N AR R A AN NS o, ff/////ff (AN R RRE Losetmmn
R N S R AN A AR AR N s N S S LI R RN AR R F p emtne
DO NN N I B N S I AT LTl { [SERAA /’/‘/‘—{“ 11077
AN N N N U B B O e P A B ASIL IR AR AN LT TN /////:j
Q\\\\\\\\\\\\\ \ ; ;/////////-/////,-_:\1 4—4,,,//,//—\\\\ { ! ; ; ;;;;///“%i\\ 5;;,,,,..,.1
e Am e SN NN NN e o e e e
,«»e.;“_g-\\\\\\_\\: \ //i:///,,,v,.AA___M\\z :ﬁif,::::::._\i\ ; 5;;;2'::—- \\'(//.—
e e LN — N s
N e <=t e -
N et e A BN N R NN | ’///////./// NS "":_\
~ P NN, Sl NS R
N\ Trrrenssrr syt NN e I =
t ////////?1/1?{ § :2\\\\\\\\\\\\\\§§ { TR s Il T ; \ \\\\\\\--f‘\\\\\\~———
K . — NN
\\4/////////,// i AR R RRRAARARR AR il A A I AN \\\\\x
Va2 A, IR RRARRARA S o T s sl VAN A AN NN — ]
NN 2o sy 7770 T TV VNNANINNNNANNA AL AAAAANE BB INNNNRG NSNS oy
N\Vfevrsvrsegt i N A N S s PRSI AR RSOSSN
A I I DN NS NN
\ ANNNANA NN NN
NS IR R NN NN 3 ey J%..’(\\\\\\\\\\\Qi\
WANN L7 esr 11 PEVYMANANNANNAVVAY A N NANANANNANN NN AN -]
R R RN AT IR NN
NN DN rrnt R PPNV
PVANNNN k IRER RN TEAY LY ANNNNNNNYY 7rrtl IRESRRSREE RO
AR \“1/// PV YNNI 2rrtl FILATAA N NN
LVNANNNAY IREEe: VAVAANNNNSTTE IREEAR! PAILAAANAN N AN
1ANDNNNNSNY e ANNNNSSNT e 2R ARt PLILALALAA S NN
PANSSSSSNSNAN\N )y ANNSTZ v prrr AR RE Prasaavaaiaaaiaas
44 (R AN A5 e R A AAAiad A IR R R R R R T R RN
R N 2 N R VY rssse NEISERERRRRARIMNES
S Vi . IERRRRERE]

Fic. 7. Incompressibility maintained, Re=400, 1=20s. (a) Normalized velocity field. (b) Kinetic
energy contours, labels scaled by 10,000. (c) Normalized pressure gradient. (d) Normalized kinetic
energy gradient.

like to note on the other hand that (i) convergence may be slower, (ii) the primary
vortex is further displaced, and (iii) increasing a caused some dissolution of the
lower right corner eddy (see Fig. 6).

We also investigated the effect of perturbation of the pressure boundary data. For
example, at Re=400 we replaced the correct left boundary condition p'=p+
2u/dx Re in the (1, j) leftmost cells to

Poert = P’ +0.001(1 + /)



VORTEX DYNAMICS OF CAVITY FLOWS 291

FiG. 8.
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t=20s, a=0.04. (a) Normalized velocity field. (b)

Kinetic energy contours, labels scaled by 10,000. (c) Normalized pressure gradient. (d) Normalized
kinetic energy gradient.

and ran the flow to =20 seconds, which, although not yet steady, is well
developed. The (2, j) cells, ie., the leftmost column of interior cells, did not con-
serve mass, to an error of O(10?). Elsewhere in the interior mass was preserved to
O(10~'"). The center velocity ¥, was (0.104, 0.074), very close to the unperturbed
case (see Table III). Similarly, global kinetic energy (144.2), global pressure O( —3),
and convergence rate (O(10~*%)) were close to those of the unperturbed flow.
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FiG. 5. Lower left corner detail. (a) Normalized velocity field. (b) Kinetic energy contours, labels
scaled by 0.1F + 08.

2.4. Enhancement by Kinetic Energy Portraits

The use of kinetic energy contours and normalized kinetic energy gradient flows
was investigated as an alternative way of isolating qualitative behavior patterns
present in cavity flows. See, for example, Fig. 9, where, even though we detected a
lower left corner tertiary eddy at relatively low Reynolds numbers (e.g.,Re = 400)
and resolution (e.g., 150 x 150) from the velocity flow alone, much more detail is
brought out by kinetic energy enhancement.
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Fic. 10. Lower right corner detail. (a) Kinetic energy contours, labels scaled by 0.1E + 10. (b) Nor-
malized velocity field.
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Fic. 11. Transient kinetic energy feature observed during central vortex development. Re =400 and
time runs from ¢=177s to t =4.02 s. Labels scaled by 0.1E + 06.

In the staggered mesh system used, the individual x and y components of the
velocity field are segregated from each other. Thus, in order to graphically plot the
velocity field it was therefore necessary to reassign the velocity components to a
common point. This was achieved by averaging the y-component horizontally and
the x-component vertically. In this manner, velocity vectors are defined at the cor-
ners of the computational cells. From these values one obtains the kinetic energy
contours and gradients.

A finer vortex structure was revealed by the presence of two sites of relative high
energy adjacent to the centers of the vortices. These neighboring local maximum

581/64/2-2
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sites are more noticeable with the corner eddies, Figs.9 and 10, than with the
primary vortex, Fig. 2. Of particular note, from the kinetic energy gradient flow,
e.g, Figs5 and7, one observes a ridge of local maximum energy partially
surrounding the primary vortex. Kinetic energy portraits also reveal features such
as the transient “quasi-vortex” shown in Fig. 11. As time runs on the forming cen-
tral vortex splits, the left portion becoming the principal. The transient portion
soon disappears completely.

2.5. Enhancement by Pressure Characteristics

In general, a pressure equation for the flow within any geometric configuration is
obtained by applying the divergence operator to the Navier-Stokes equations. Since
the flow is assumed incompressible we have

V=V (V-VV).

In the absence of this nonlinear term (i.e., Stokes flows) there results, likewise, an
absence of a density distribution for the conservative force field Vp. On the other
hand, in non-Stokes flow regimes, the effect on the pressure gradient Vp is that it
now is the result of superposing sinks and sources of density —V?p=
V-[(¥-V) V] In Figs. 5 and 7 we observe the effects of this nonlinearity (or the
lack of it) in the behavior of the pressure gradient field.
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FiG. 12. Flow in cavity of aspect ratio 4 =0.5, Re=400. At t=20s ||["— V"1, =0(10"1).
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FiG. 13. Additional flow characteristics at 4 = 0.5, Re = 400.

That similar sources are not associated with the secondary corner eddies can be
explained by arguing that within such regions the characteristic velocities are
relatively low. In such regions the effective Reynolds number will be lower.
Similarly in deep cavities the pressure diagrams for the secondary principal vortices
revealed no significant sources. See the figures in Section 3. Computationally this
denigration of source might appear to be improperly enhanced by the mul-
tiplication by small values of 4¢ in (2.12) but this should be counterbalanced by the
multiplication by (4¢)~* in (2.13).
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Fig. 14. Incomplete and nearly complete eddy fusion for Re = 100 at aspect ratios 4 = 1.4 (left) and
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1.5, kinetic energy contours, labels scaled by 0.1 + 10.
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3. VorTEX DYNAMICS OF UNSTEADY FLOW

Features of steady flow in the unit two-dimensional cavity have been ext
studied and documented over the years (see TableI). The thrust oA
investigations was to exhibit and study the ambulatory nature of the primari
center as the Reynolds number varied. The later demonstration of secondar
eddies and their relative sizes, both with respet to one another as well as
primary vortex, depended upon the advent of higher-quality compu
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Fig. 16. Velocity and kinetice energy features of complete eddy fusion for Re =800 at aspect ratio
A=16: (a) 4s; (b) 8s; (c} 125; (d) 40s; (e) 40s, labels scaled by 10,000; (f) 40, labels scaled by
0.1E+07.

methods and machines, which permitted the observation of tertiary corner eddies as
well. However, the actual genesis of these increased details of steady flow remained
wanting.

Recent unsteady flow simulations, such as Gatski ezal [6] and the present
paper, permit not only a better understanding of the steady flow, ie., the fluid
statics as a limit as 71— oo of the flow evolution, but aiso, more importantly
perhaps, provide details of the fluid dynamics itsef. Among our findings:
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FiG. 17. Velocity and kinetic energy features leading to eddy fusion for Re =800 at aspect ratio
A=15.

(a) The topology of the vortex formation, first the primary vortex and then
only shortly afterward the secondary characteristics, develops almost immediately.
The amplitudes develop much more slowly. One sees this much more rapid
qualitative development even on relatively coarse meshes.

(b) For aspect ratio 2, at moderate Reynolds numbers a wall eddy forms just
before the downstream corner eddy does. Later there is a coalescence, originally
between these two eddies, and then with the upstream corner eddy. We cannot be
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certain, due to resolution limitations, that the wall eddy is independent of some as
yet unseen boundary layer connection from the separation point down to the cor-
ner eddy.

(c) Nonlinear Stokes flow (e.g., Re=10"°) final states are attained by linear
Stokes flow at higher Reynolds numbers (e.g., Re =400) but the latter take much
longer to develop to the same states. These flows are characterized by a much more
symmetric normalized velocity although the pressure profiles are somewhat less
symmetric. This tendency toward symmetry precludes the wall eddy formation.

(d) All observed dynamic properties, e.g., principal vortex location and
diameter evolution (a main object of the earlier steady investigations), secondary
eddy sizes (a main object of more recent steady investigations), whether or not wall
eddies form, and whether or not lower eddy coalescence is complete, are related in
a functional dependence between the Reynolds number Re and the aspect ratio 4.

One misses many intricacies of the eddy dynamics until one goes to deeper
cavities, e.g., 4> 1.5 (at Re= 100, for example). First, however, for comparison to
Gatski et al. {6], we consider in Section 3.1 the case of shallow cavities, ie., 4 <1.
In Section 3.2 we view the transition to eddy coalescence for intermediate cavities,
e.g, A=14, 1.5 and 1.6. Then in Sections 3.3 and 3.4 we turn to deeper cavities
and to more detailed studies of specific observed dynamic eddy structures.

There is some lack of convention in the literature as to notation for the secon-
dary eddies. We shall refer to the lower left corner eddy as the downstream, or first
corner, eddy. The second, or right-hand corner, eddy will be referred to as the
upstream eddy.

3.1. Shallow Cavity Flows

The dynamics to steady state of shallow cavity flow, 4 =05, at Re=400, were
obtained in Gatski e al. [6]. In Figs. 12 and 13 we give our results for comparison
to those of Gatski et al. Note that both here and in [6] the roles of the secondary
corner eddies is reversed for 4 =0.5, the dominant size and strength being shifted to
the upstream eddy. This tendency is evident in the moderate Reynolds number
range, but becomes increasingly less so as Re decreases to zero. Also of note is the
large relative size of the primary vortex. This feature is shown, in particular, by the
kinetic energy gradient field of the flow.

32. Intermediate Cavity Flow

Allowing the aspect ratio of the cavity to take on values larger than one presents
further opportunities for secondary vortex behavior examination. This can be
achieved, in general, without affecting the features of the primary vortex, as obser-
ved by Kawaguti [13]. This same author noted, in particular, the existence of a
secondary flow region near the bottom of the cavity of aspect ratio 4 =2. Such
secondary flows were absent in instances where 4 was less than unity.



VORTEX DYNAMICS OF CAVITY FLOWS 301

‘
v erT o
RSSO y
e 3 S " g
oo S AN :
I TrI1IIrrI I FETRXR Y Vit 2 AR
M ] 1 Voo SInyy e revesan NN
AR AT ! b e Y 192 SR 24
WTz2r2se00000000000000000 (1 e NI R ] Trve SIIAAINANNNY
WNIZrerarrssiaieiiosiin e Iunn e RNV
N S Y T fem= Y 1,,,,,.—~~“\\\\\\\§“
NNNSTRLSlLnlllnl, r ey R A e S L S 1]
N e A Yo TN N N S 1]
e A W frromm
LN Tl 24050427 13 \" A =Sy
R 3 AN~r? 31
NN AT =il oS
NNNNNIIS T Ee ol vz 1y i 3
N AL MNINNIINANT st s n 00 N \Tod
NN AR AN NNRRT=szs22 00000 YNNI
NN N AR A PR RN Y AR L2 A WNNNNINIS Tty
NN A A RS NN AL S 11 SONNNNNSSTT=As 000y
RN 114 N “\\\\\\\“——uz/;;xnn/,,; R e I T
H\“:\“‘,.__.«””"”” \ \\t&ti\:::.__-—u,m%ﬁi” R AL L1 4/
AN 00000 RSN R A ] R R N A AL 24
IIININNITITT—== A } \\\\\\\\\\-.—-—‘f/;////;’r§' R R AL AL L A
PRENNNS S N RN e A N AL 1 1 21
vy NSy A A Y Y] T NN I T T AR, MY NN nr g2 s oot n
A e Y Y] R RN N ey A B R N A ASA S L A1
\\\\\\\\\\:w__-«,/”//,ﬁ, R RPN A A e o
R N A 41 N N A A S V\R:::}::w:~ i ’:;/;//471
HRRR:::"'—“M’:’;;/ZH N \‘H;‘\\RGQ::ZZ"-‘J..#::J;ZH i f\\\\\\\\'“ =l
RN A e A A & RN NN Zoes st \’Qittt2::::\::'—““‘:::%;;”'
NN—— SNl S
HR\:\““"‘—“”ZZ;’” /E] R A T r;ttx}:::\“::\:-—-—‘::;x”;;,
NS : e I R oA AT
N A i VNNNNRRTTT===2220 00 R oLl
PN A \\\\\\\Q“..__.‘”uuuul W) ISR
\\\\\\\\-.—.--4~///// \\\\\\\\\~\.._¢——,/»;,'///, R\: n\\\\\\\\\\~v——~4z//////,
&R\:“::”‘—'“-———-::xf;f’f N W’ ‘HR‘“::\"_“V-—-—:Z;;%H
\\\\\\::~~..—-—-’//ﬂ//ft DN Wzsy A NNNNRTT ===z
NN Y Y PIANNNNRTT = eses N4 NNl
N A1 AN s 700 ANt YNNI =007 0
ALANANINYTT SRR R NN 141 Wi NN 22004
ANNNN NN LA \\\\\\\\\\\\v———“f////lll 7 \\\_/51 \\\\\\\\\*v—-—“//;;jllfl
\\\\\\\\\\.-—-—-—'d/////llfll LANANNNNYS e et L LD S ? vy [ R oty st
AANN \\\~~<———“44///////I/ \\\\\\\\\\\\‘—-——-—/////I// ’ \\’// \\\\\\\\\*v——‘:’/;/;;/;/
NN N AL 41 RN e AL 3] =2 RN AL
ATl N N A 4] pat WS
§§§§§2§1::.—-*—*::5555ﬁﬁﬁ §N§R2:I::‘w__-""~’::’5ﬂ$ﬁ/’ faedd \‘RRQQZ::’:—”Z/?ZU}H
\\\\\\\\\...._——-v’;/”u/;/ \\\\\\\\\\\_._»-—u;/u//u/ C;/ \\\\\\\\\\~-—~"‘:://;/////II
NN—— NN Sl
RQRQ:Z:\W””ZHH NI utt TINNNNRIT = e
A 1L NN NN T2l 1 ~/ A 51
NN s A ) N A s RN e AT
NN ANV A e r e s N H“t:\\\“vw”:;x;”“,
NS IITTTY AT
tt:::ll‘-wﬁﬁﬁxﬁﬁ NN 22055000 3 \\\\\\\:\~~-——v‘////////r)’7
N A A A NN A ] N SNNNNANIITTE AL s
\\\\\\\\\~«-——-—‘44/4//////1 \\\\\\\\\\Mz/////// 1 A { \\\\\\\\\-———~‘“// e
AANN AR R A \\\\\\\\\\_.__—-—4,4;;”,/ 7 1 T LN ——— s warny
\\\\\\\\\\w-"-“””//”/, {\t\:\\::\\wﬂ—*&‘/;:;;;;;; { }}tt:t::“"“"’:;;;;;;“’
I NN e B
RQQQI:“‘_.__.————-«,:ZZZ, N A Y] TiitaNaaaasa s ALY YN
\QR‘:\“‘M‘”””” &Qt:\:\\\“"——‘“”:ﬁﬁﬁﬁﬁ}'f ’ N HRNQ\:\“‘”-W’: A
NI T e 3 = A
§\\“\\_,.________....~,:;j;;; IR \s\..__—-——”un/;/; W R N e AR
NN ST el \5\\\\\\\\\-,~.__——~»,,,/,;/,/ AN I A A
NS A RIS AN Y s NN T \
RS 2 SIS T RSN )
e AR -
= A e NNt P RN z!
7, AT TR ~—Z2)
Y AT 223
t=2 s 24
[Rass X ALLs
17 SR 171 A >
e AN (2o FrTC T O NA4
e SR 1eee AN 147 T reCCan g
1427 S AN A ALY {7 ———nAL AL V10 A A e
et N s N 1t e ~~ssannan
e T IS T T L e NN
Yire T e T I ] e SRV
N L L L e NN S S 1] seros SIIRIRANIN
=i NS L I e NI TR
(SR [EAAsmst N S (rrem NN Y
X 17— 00\ A NS L L RS A ]
I \k_ll //f:: DY L3300
i n=ssy [ ﬂ TSI
ARNINNRS =4 i AL 123
R S A A 14 2 \\\\\\\\\\\\\«/5’,,” \ W M
NN =gy HHANNNS
RN A A2 {\\\\\\\\\\\‘-«4‘;;;”7171 HH{{{{{&::::”;'/’;;/,

\ }t“““\“:———-:”z”“f”’ \H\\K\\““‘«——”/ufﬂ”' RIS s 144141
NN A s A R N 22 1211
RN A NN 7238138 R AR AL R A 1
NS 5555401 PRIl A PR RN NN AR A S L
N AR i AN AN SrrrrrILY R NN A A
\\\R“:\\:“"-...——-t’,” 5004504 TIINININY “,,___,::’”’”””’ R N e AL 1 1
7\\\\\\\:\\::\,_.__.-”2””/”' AT 2255050040 R N e A A AL A 11

PN et 1] r\\\\\\\\\\\‘\\\‘.___.-, AAIALS RN N A AL

»\\\\\\“2\\2-\...__——1555%%75 r\\\x\\\w::‘“v—-———a:::::;;;”;; R NS e AL

NSl P R A Y11 AT 22200000000
NV SIonon 7\\\\\\::::::-——-—“‘ A )it\“““““‘*’—‘w”””””"
PN 4 A RN

N e ] AR A SRR GARAAAAA
SARRNNNRET A SN A Y] B AT,
A A e A — A/ [ AR ————
nsJ N 7] (f“—'#:‘““ A s N
nne s NN HITRRSS oLl P bt ————
w2 NNNNET===2200 B A AAAs )
=z T NSRS ——re 2l B P2 esanuhnaatunnnatN N
BWa=oZ NIWNSSTT=20000 R N T b PP o memernnsman AN )
RN \\\\\\\\~———‘””"/' N AN Y VN AR P semtmnnrNNON
SN2 NNNIT=0000070 it/ DT SN e —— i {rir—=any
N S T NN o Rt FIIIANIITIINY i oSN
1] NNIT2rerr2 A PR NN N Sy 130 VRS
RoY 2] R AR DR 4 t\\\\\\\\\\ H{\\‘\\\““/JU

W==2rs YINNRST=Eael PRSI ol Y =
Na=cssl ATt “Q\\\\V__:r///, s I I a2 2 2SS Y]
W=z NS RN ] § i NN T T
WS N NNRREEI WSS
W27 AAANTTTTDY NS ==l R A D NN L1121
NN BHaRNTT R et A P === N
sl Y N et A S 1 2 41 [ AN A A LT S A
\\“\\.—/“ LANINASNY N NSNS LTI g b0 b TN Ve AR

N Ay AXNINNAY R s asa s A2 221 R NN A S 1 S 21
§\\\\\.~__:n/, NSV NS Sl \\\\\\\\\“\\...,_'/”,u/////
NnNw—===zzrr) j U \§§§:;1:~~—-:::::;;;///“/ mm\\:\:::—:;::;:;;m'/s

NSz ST coluieiil \\‘QQQ:\\\\..\.._,—NNNH/!{,
et A N NSNS
NN e NS D NN A ”;
SNl NS T N AT T4
SNl NSNS NN AT

RN e A P N NN it s 11 AXSINNNSAT st AL

NNl NS T NN V]

PN SVttt A LA NN crir?ll AN AN NN AR L)

\\\\\m_ﬂ,,,, NSl AN R ——— T A
RS A AR N ) NN
W 275t AN s N NS

aw -270 3NN ceerl 0 R S At ottt A
N 224 Y AR ‘a:\:\\\v——.____.w—,,’,;;;ﬁ
ool T A
2 Z22t) N ceell
Z 27
= 27
zL

t=12 s t=20 s

FiG. 18. Evolution toward near steady flow for Re =400 at aspect ratio 4 =2.0
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FiG. 22. Evolution of full nonlinear flow with Re =10~° at aspect ratio 4 = 2.0
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Bozeman and Dalton [4] described these secondary regions of recirculation in
terms of downstream corner eddy growth with increasing aspect ratio. At aspect
ratio 4 =2 they confirmed the Kawaguti finding of a secondary flow, which,
however, is attributed to the growing downstream vortex occupying the entire
lower region of the cavity. The Bozeman and Dalton studies include additional
values of the aspect ratio in the intermediate range between one and two. Of par-
ticular note was that a secondary recirculation flow had already formed with aspect
ratio 4 = 1.6. At aspect ratio 4 = 1.4 no such flow was found. These investigations
were carried out at Re = 100.

For comparison of the unsteady limit of our dynamic analysis with the steady
configuration found in Bozeman and Dalton, we ran the cases 4 =14 and 4=1.5
at Re=100. See Fig. 14. Note the quite clear failure of coalescence in the case
A=14. On the other hand the case 4 =1.5 can be regarded as nearly complete
coalescence into a secondary region of flow. For 4 =1.6 we obtain (Fig. 15) an
unsteady limit in close agreement to the stationary computation of Bozeman and
Dalton [4, Fig. 7d].

Observing the evolution of the time-dependent flow regime permits a greater
understanding concerning the formation of the secondary region of recirculation
and its Reynolds number dependence. Figures 15 and 16 compare flow at 4= 1.6
for Re =100 and 800. For the latter, coalescence occurred more quickly and more
completely. Figure 17 compares the flow at 4 = 1.5 for Re =800 with the previous
(Fig. 14) flow at Re = 100. Note the full coalescence at the higher Reynolds number.

3.3. Secondary Eddy Separation and Coalescence

As the aspect ratio of the cavity is further increased, additional dynamical infor-
mation on basic eddy formation, growth, separation, and reintegration into the
flow can be gained. We found that many of the fundamental mechanics may be seen
at A =2. Some observations on deeper cavities will be found in Sections 3.4 and 3.5,
which will conclude the paper.

An unforeseen dynamical characteristic was the formation of a wall eddy (see
Fig. 18). This also appeared in the dynamics of intermediate depth cavities (see
Fig. 16 and 17). This eddy then coalesces with the two corner eddies to form a
secondary circulation. More dynamical detail is given in Fig. 19. Note how this
third secondary eddy forms on the downstream wall of the cavity and grows
downward at a rate faster than two corner eddies, eventually interfering, and then
fusing, with them.

Figure 20 demonstrates the wall effect as a function of Reynolds number, there
Re =800. Note how this wall eddy appears to develop prior to the downstream
eddy. We observed this eddy for Re =200 but it was not evident at Re = 100.

A closer comparison, including kinetic energy profiles and pressure gradients, of
the flows at Re=100 and Re=200 is given in Fig. 21. Note the relative insen-
sitivity, mentioned earlier, of the pressure gradient for distinguishing two quite dif-
ferent qualitative flows.
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The result of decreasing the Reynolds number to Re=10"° is shown in Fig. 22.
Although in all three cases Re =800, 400, and 10 a secondary recirculation sub-
cavity eventually forms, the geometries of both the dynamic and the final con-
figurations differ drastically.

In the case of creeping (here Re=10"°) flow, an almost symmetry is developed
and maintained, throughout the time evolution, about the center line of the cavity.
In particular the corner eddy sizes are nearly equal. At near steady state (20 x 108
seconds in Fig. 22) the relative sizes of the primary and secondary vortices of the
creeping flow agree with those obtained by Pan and Acrivos for linear Stokes flow
in a cavity of the same aspect ratio.

It is of some interest to examine the relationship of low Reynolds number non-
linear flow to linear flow dynamics at various Reynolds numbers. A comparison of
Fig. 23 for linear Stokes flow at Re =400 with Fig. 22 for creeping nonlinear flow
shows that the linear flow dynamics approximates the creeping flow dynamics very
well, although in a much dilated time frame. Figure 24 shows for further com-
parison the results for linearized creeping flow of Re=10"% Note the excellent
correspondence between Fig. 22 and Fig. 24.

3.4. Deep Cavity Flows

With increasing depth, secondary corner eddy behavior should begin to exhibit
features of highly viscous flows, due, in part, to the much lower velocity prevalent
in the lower confines of the cavity. The upper region, where the characteristic
velocity is O(1), should preserve the features of the given global Reynolds number.
These remarks are borne out by observing flow in cavities with 4 > 2. We restrict
attention there to A = 4.0 although similar results were seen in the cases 4 = 5.0 and
A =6.0 that we ran.

A history of the normalized velocity field for the driven cavity having Reynolds
number Re =400 and aspect ratio 4 =4 can be followed in Fig. 25. Salient features
include the compartmentalization of the cavity into three separate regions of recir-
culation and the binary origin, due to fusing of the corner eddies, of all but the
second down subregion of circulation. At 60 seconds the three subregions had for-
med, but a “final state is not achieved until 150 seconds. For a creeping flow case
Re=10"° at aspect ratio 4=4.0, see Fig. 26. For this case a “final” state was
achieved at 7=18 x 10~%. These “final” states miss, of course, fine corner detail.

3.5. Flow Dynamics at Higher Reynolds Numbers

At the behest of one of the referees, we computed the flow dynamics at the higher
Reynolds number Re = 2000. See Fig. 27. The vortex dynamics is similar to that at
Re =400 and Re =800 although the tendency for the second primary vortex, once
formed, to shift to the right is more pronounced. This causes the right corner secon-
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FiG. 26. Evolution of nonlinear Stokes flow (Re=10%) within cavity of aspect ratio 4

40 % 10 % seconds the maximum norm between successive time steps of the velocity field is O(107'°).
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Fi16. 26—Continued.
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dary eddy to also be more pronounced. The use of suitably small time steps, e.g.,
A4t=0.003 on a 40 x 80 grid, precluded any numerical instabilities. The trade-off
between further reduction of the time step to accommodate both higher-resolution
grids and larger Reynolds numbers would depend on machine resources available,
and would eventually be limited by machine accuracy.
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